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Abstract 


The two-loop contribution to the Type IIB low energy effective action term D'^R^, pre¬ 
dicted by SL(2,Z) duality, is compared with that of the two-loop 4-point function derived 
recently in superstring perturbation theory through the method of projection onto super 
period matrices. For this, the precise overall normalization of the 4-point function is de¬ 
termined through factorization. The resulting contributions to D'^R^ match exactly, thus 
providing an indirect check of SL(2,Z) duality. The two-loop Heterotic low energy term 
D^F^ is evaluated in string perturbation theory; its form is closely related to the D'^R'^ term 
in Type II, although its significance to duality is an open issue. 
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1 Introduction 


The dualities [1, 2] between various superstring theories and M theory provide strong con¬ 
straints on their effective actions. In [3] it was conjectured that the SL{2, Z) duality (or 
S-duality) of Type IIB string theory completely determines the term in the superstring 
effective action. The dependence of the term on the axion/dilaton scalar field r = 
is given by a non-holomorphic Eisenstein series (or Maass waveform [4]) E 3 / 2 (t, f). A re¬ 
markable consequence of this conjecture is that the term receives contributions only 
from tree-level and one-loop orders in string perturbation theory (in addition there are non- 
perturbative D-instanton contributions). 

Further evidence for this conjecture was provided in [5, 6 ], where the R'^ term was derived 
from a one-loop amplitude of eleven dimensional supergravity. In [7] it was shown that the 
exact form of the R'^ and related terms [ 8 , 9] is completely determined by supersymmetry 
and S-duality. Utilizing U-duality symmetries, these results for the R‘^ term were extended 
to toroidally compactihed Type II string theory in [10, 11, 12, 13, 14]. Related conjectures 
for terms were discussed in [15]. 

The R'^ term is expected to receive no renormalizations beyond one-loop, since it can 
be expressed as an integral over half the (linearized and on-shell) Type IIB superspace, 
and thus is protected by supersymmetry. Dimensional arguments suggest that terms with 
additional derivatives should enjoy a similar protection. In [16, 17], a two-loop calculation 
in eleven dimensional supergravity was used to show that the axion/dilaton dependence of 
D^R'^ term in the superstring effective action is governed by a non-holomorphic Eisenstein 
series £^ 5 / 2 (T,f). The functional form of the Eisenstein series is such that it generates only 
tree-level and two-loop contributions in string perturbation theory to this term. 

Recently, a systematic method for constructing the superstring A^-point function to two- 
loops from first principles has been developed [18, 19, 20, 21] (see also [22] for a review). With 
this method, we have a completely explicit expression for the superstring 4-point function 
of massless NS bosons [21, 23]. In particular, this construction provides a first principles 
proof that the two-loop amplitude does not contribute to the term in the effective action 
[21]. This result may be interpreted as an indirect check of the conjectured SL{2, Z) duality 
structure of the R'^ terms. The vanishing of the two-loop contribution to the terms had 
also been argued earlier by many authors [24, 25, 26]. However, the calculations they had 
to rely on were gauge-slice dependent and did not provide reliable checks. 

The purpose of the present paper is to compare the contribution to the term 

deduced from the two-loop superstring amplitude [21, 23] to the one predicted by [16] on 
the basis of SL{2, Z) duality. Since we shall be comparing two non-vanishing contributions, 
their overall normalizations will have to be determined with particular care. Actually, the 
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two-loop 4-point function was determined in [21, 23] only up to an overall constant, left 
undetermined due to the occurrence of an unknown overall normalization constant in the 
chiral bosonization formulas of [27]. Several attempts have been made at calculating these 
constants, but even just for the be ghost spin 1 bosonization formula, no generally agreed 
upon values seems to have been attained as yet [28]. 

Precise overall normalization constants are of critical importance for the detailed com¬ 
parison between results from duality and superstring perturbation theory that we shall carry 
out in this paper. One of our main tasks here is to determine precisely the overall normaliza¬ 
tion of the two-loop 4-point function. We accomplish this through factorization constraints 
to tree-level and one-loop. Many different conventions used in the literature, as well as the 
occurrence of an occasional typo, have forced us to carefully rederive also the basic tree-level 
and one-loop amplitudes. A systematic account is provided in Appendices B and C. 

With these precise overall normalizations, we hud complete agreement between the two- 
loop perturbative value for the term and the value predicted by SL{2, Z) duality, thus 

providing another indirect check for S-duality. 

Finally, the Heterotic strings [29] inherit half of the supersymmetry and some of the 
non-renormalization effects of Type II theories in perturbation theory, even though their 
non-perturbative structure is very different from that of Type II strings. In particular, 
the Spin{32)/Z 2 Heterotic string is expected to be dual to the Type I string [30, 31], (for 
a review, see [32]). In [21], it was shown that in the low energy effective action for the 
Heterotic strings, terms in F^, and receive no two-loop contributions. While 

the non-renormalization of the F^ and F^F^ terms had been argued earlier in [33], that of 
the terms appears to be at odds with an earlier duality analysis [31]. To clarify these 
issues, it may be helpful to better understand the renormalization properties of terms that 
involve also additional derivatives. In this paper, we calculate the two-loop contribution to 
the D^F^F^ term, and hud that its magnitude involves a remarkable modular form. The 
interplay between this result and S-duality is an issue left for later study. 

The remainder of the paper is organized as follows. In section 2, the predictions for the 
Type HB low energy effective action terms and F^F^, both from S-duality and from 
perturbation theory are summarized, compared and found to be in perfect agreement. The 
precise normalization of the two-loop massless NS-NS 4-point function in Type H is obtained 
by factorization onto one-loop components in sections 3. From this 4-point function, the 
perturbative contribution to the F^F^ term is derived in section 4. The analogous calculation 
of the two-loop corrections to F^F^F^ terms in the Heterotic string is provided in section 5. 
In Appendix A, basics of genus 1 and 2 moduli spaces are summarized. Careful calculations 
of the normalization of the 4-point functions are given to tree-level in Appendix B and to 
one-loop in Appendix C. Regulator dependence is discussed in Appendix D. 
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2 Summary of S-Duality and Perturbative Results 

In this section, we collect the predictions of S-dnality for the and terms in the 

low energy effective action of Type IIB, and express them in a notation that will facilitate 
their comparison with the results from perturbation theory. The latter are summarized in 
this section, but their derivation is postponed until sections 3 and 4. A detailed comparison 
between both sets of predictions reveals perfect agreement. 

2.1 S-duality prediction for and terms 

The massless spectrum of Type IIB string theory contains two scalar helds, the NS-NS 
dilaton 0 and the R-R axion y. The theory has a remarkable non-perturbative SL{2, Z) 
S-duality symmetry under which a complex combination r = y -t- transforms as 

r —» a,b,c,dE7i, ad — be = I (2.1) 

cr -|- a 

In the Einstein frame, the action for the graviton is given by 

^ = ^ Re ( 2 . 2 ) 

where the superscript E indicated that the metric Ge and the Ricci scalar Re are expressed 
in the Einstein frame. S-duality acts naturally in the Einstein frame where the metric is 
invariant under the transformation (2.1). Therefore, it is expected that all terms in the 
effective action which involve only the metric and the dilaton/axion fields should have a 
dependence on r and f which is invariant under (2.1). 

The Einstein frame is not the natural frame for expressing the coupling of the string 
sigma model to the space time metric. Instead, one uses the string frame metric G, which is 
related to the Einstein frame metric by 

= cRRe^^u (2.3) 

The gravitational part of the action in the string frame becomes 

S = ^ [ A R (2.4) 

where R is now the Ricci scalar for the metric G. Henceforth, we shall use the string frame 
metric throughout. Notice that in the Einstein-Hilbert action, only the combination 
enters, a combination that is unaffected by a shift in 0 compensated by a multiplicative 
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factor in k\q. The normalization chosen here for 0 is such that the S-duality transformation 
law for r = X + ie~'^ is canonical, as in (2.1). 

It was conjectured in [3] that the terms in the Type IIB effective action take the 
following form, (in the string frame). 


Sr^ = Cr. I A v^7^"e-^^2C(3)E3/2(r,f) (2.5) 

The expression R stands for R = where tg is the well-known kinematic tensor 

which enters both the tree-level and one-loop superstring 4-point functions and is dehned 
here as it was in [34, 35]. The overall constant Cr4, will be discussed later. Furthermore, 
C(<s) is the Riemann zeta function, and i? 3 / 2 (T, f) is the non-holomorphic Eisenstein series of 
weight s = 3/2. For general s, the non-holomorphic Eisenstein series Eg is dehned by 


2C(2s)E,(r,r) 


To 


(m,n)7^(0,0) 


\m -|- 


( 2 . 6 ) 


and satishes the following differential equation 


iT'^drd,E,(T, t) = s(s - ’■) 


(2.7) 


In [7] it was shown that (2.7) is a consequence of supersymmetry. It is easy to see that (2.7) 
has two solutions of the form c_sr| and Cs-iT 2 ~^ corresponding to two particular orders of 
perturbation theory. The series expression (2.6) is the unique S-duality invariant solution 
with these perturbative terms. In [6] the form of the R term (2.5) was derived from a one- 
loop calculation in eleven dimensional supergravity. The expansion of the non-holomorphic 
Eisenstein series 2^ (3)773/2 (t, r) is given in [4] 

3 1 

2 C(3)i73/2(r, f) = 2C(3)e“27 _|—-|- non — perturbative (2.8) 

o 

It follows that the R term in the effective action (2.5) gets perturbative contributions only 
from tree-level and one-loop. The vanishing of two-loop contributions was proven in [21]. 

The R term may be expressed as an integral over half the (linearized on-shell) IIB super¬ 
space and should therefore be protected by supersymmetry. Dimensional analysis suggests 
that terms with up to six derivatives acting on R should still be protected by supersymmetry. 
In [16] a two-loop calculation in eleven dimensional supergravity was used to calculate the 
D^R terms explicitly in the Type IIB effective action. It was found that it has a S-duality 
invariant form (still expressed in the string frame), 

Sd^r^ = Cd.r. J d'°a;v^D"77"e^'^C(5)E5/2(r,f) (2.9) 
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For E^I 2 the expansion in large negative 0 results in two perturbative terms, given by 


2 C(5)i?5/2 = 2C(5)e ^ X X + non — perturbative (2-10) 

9U 3 

From (2.9) it is clear that the two terms come from a tree-level and a two-loop contribution, 
but that the one-loop contribution is absent. This is in accord with [17], where the one-loop 
contribution to this term in the action was shown to be zero. 

The normalization constants (7*^4 in (2.5) and in (2.9) can be determined from the 

tree-level 4-point function^ 


(4) _ - 7 ? 4^2 F(-ga74)F(-toV4)F(-W/4) 


° F(l + sa74)F(l + to74)F(l + MaV4) 

as follows. We use the formula 

rg-^) ^ ,2,. /g 2((2k + iy-'‘^^ \ 


r(i + 2 ) 


\k=l 


2k+ 1 


to derive the expansion of the 4-point function in powers of s, t and u, 


.fctl 2A; + 1 

Expanding to the order needed for the study of and D'^R^ terms yields. 


/i(4)_^4,,2 „- 24 > f 2® ^ n/-ko\ , C(5)^^,^2^„2 , .^2 , .,2 


+ 2C(3) + ^(a')7.2 + 7 + «7 

Id 


( 2 . 11 ) 


( 2 . 12 ) 




(2.13) 


(2.14) 


The hrst term in (2.14) arises through 1-particle reducible Feynman diagrams from the 
Einstein-Hilbert action. The second term in (2.14) gives the following tree-level contribution 
to the R^ terms in the effective action [36] 

^{R^} ^ 7^4^2^2C(3)e-2'^ (2.15) 


Now the R^ terms in the effective action are given by the formula (2.5) in terms of 
2 C(3)i73/2(r, r). The expansion (2.8) for 2^(3)773/2 (r, r) gives then the relative coefficients 
between the tree-level and the one-loop contributions to the R^ terms in the effective action. 


^Throughout, we shall omit the overall momentum conservation factor (fci -I-+ ^3 + fcr) when 

expressing the scattering amplitudes, and use the Mandelstam variables, s = —(fci + ^ 2 )^, t = —(^2 + ^ 3 )^, 
and u = —{ki + fca)^. 
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It follows that the normalization of the one-loop contributions to the terms corresponding 
to the normalization (2.14) for the 4-point function is given by 

A*®*' = ( 2 . 16 ) 

The third term in (2.14) gives the following tree-level contribution to the D'^R^ terms, 


AD^R^) 

^0 


7Z‘^(s‘^ + t^ + u‘^)kIq 




/^2 


24 


-C(5)e 


-20 


(2.17) 


The relative coefficients of the tree-level and the two-loop contribution to the D‘^R^ term 
can be read off from the expansion (2.10) of 2({5)E5/2{T,f). It follows that the two-loop 
contribution must be given by 






(a')" dTT^ 
24 270 


e2<^(s2 


+ t^ + u^) 


(2.18) 


Note that the one-loop contribution to D'^R^ indeed vanishes in view of [17]. 


2.2 Normalizations of Superstring Perturbation Theory 

The starting point for superstring perturbation theory is the action R and vertex operators 
for massless NS-NS states on a worlsheet S, normalized as follows, 

R = Ax(S) + ^ 

Vie,e,k) = j^(f\^zEV_X^V+X^E’^-^ (2.19) 

Here, x(S) = 2 — 2/i is the Euler number for a closed surface S with h handles, and A is the 
corresponding coupling constant^ governing the perturbative loop expansion in powers of the 
string coupling ~ Furthermore, z = {z, 6) is the super-coordinate on the worldsheet 
S, and the superheld X^ is given in terms of component helds by X^ = -|- 

idOE^, where E is an auxiliary field. Finally, k is the normalization constant of the massless 
vertex operators, which is hxed in terms of the other parameters using unitarity. Its precise 
value will not be needed here. 

The general supergeometry expressions for the various ingredients in (2.19) are given 
in [37, 18]. On a superconformally flat worldsheet, we have E = 1, and = dg + 6dz, 

^While A and the vacuum expectation value of the dilaton (j) are clearly related objects, their precise nor¬ 
malizations may differ by an additive constant (see Appendix D), and the form of S-duality transformations, 
expressed in terms of A, may not be canonical as in (2.1). 
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P_ =80 + Odz- Using the convention / (fd {99) = 1, the above dehnitions give us back the 
standard component expressions for the action and the vertex operators, 

Im = Ax(S) + ^ f dh (dx^Bx^ - 

Z/7\ Cx J S 

V{e,e,k) = KE^e’^ f dh{dx^^+ ikPijP+tljl){dx'^+ (2.20) 

Jt. 

For tree-level and one-loop orders, these expressions are sufficient, but at higher genus, 
the supermoduli must be carefully taken into account as well, and (2.20) has additional 
dependence on Beltrami differentials and worldsheet gravitini [37, 20]. 


2.3 Perturbative Predictions 


With the above normalizations and conventions, the Type II superstring 4-point functions 
for massless NS-NS bosons to tree-level, one-loop and two-loop orders are given as follows. 
To tree-level, we have^ 


= C„(3„e-“K-A7?. 2-r(-a'V4)r(-a'i/4)r(-aV4) 


r(l -|- Q;'s/4)r(l 4 - Q;T/4)r(l -l- a'u/A) ’ 


To one-loop, we have^ 

A^^\ei,ki) =Cik^KK 


I dr 


2 4 


n 




expl-^^ki- kjG{zi,. 


'Ml (Imr)^ 


i<j 


( 2 . 21 ) 


( 2 . 22 ) 


and to two-loop order, we have 
A^\e,,h) = C 2 e^^ k^KK 




M 2 (detlmhl)® 


|3^spexp(^ -^Y.ki-kj G{zu Zj)^ (2.23) 


Here G{z,w) are the conformally invariant Green’s functions for genus 1 and genus 2 , 

G(r, tc) = — In |i7(r, tc)p-|-27r(Imr2)7j ^Im J ^Im J uj^ (2.24) 

The quadri-holomorphic 1-form 3^5 is given by 

33^5 = {t- m) A(l, 2) A(3,4) + (s - t) A(l, 3) A(4, 2) + {u - s) A(l, 4) A(2,3) (2.25) 


•^The amplitudes predicted from S-duality were denoted by Latin capitals A, while the amplitudes resulting 
from superstring perturbation theory will be denoted by calligraphic capitals A. 

"^One-loop moduli are customarily denoted by r and r; clearly they are not to be confused with the 
complex dilaton/axion field t = x + ie~^. 



where the basic bi-holomorphic antisymmetric 1-form A is dehned by 

A{z,w) = uji{z)u 2 {w) — Ui{w)uj 2 {z). (2.26) 

The kinematic factor K is normalized as follows, 


K = (/l/2)(/3/4) + (/l/3)(/2/4) + (/l/4)(/2/3) 

— 4 (/ i / 2 / 3 / 4 ) — 4 (/ i / 3 / 2 / 4 ) — 4:{fif2fif3) 


using the notations, 


(2.27) 


J i — 

iw ^ frir 

ifj.hfi) ^ /r/f/r/r- (2.28) 


The expression 77^, used in the preceding subsection, is related to K in the following manner, 
KK = 2®77^. The moduli spaces M.i and M .2 are described in Appendix A. Finally, the 
various overall normalization constants Cq in , Qo in , Ci and C 2 are given as follows. 




c, = 


2^Ti‘^{a'Y 


Qo — 


C2 = 






26(a') 


(2.29) 


The constants Cq and Qq for the tree-level amplitude will be calculated in Appendix B, Ci 
will be calculated in Appendix C, and C 2 will be calculated by factorization in section 3. 


2.4 Matching S-Duality and Perturbative predictions 

For tree-level, one- and two-loop, we have from (2.21), (2.22), and we shall establish in (4.7), 


A^Q\ei,ki) 

\eiAi) 


27rC'o Qo KK 


T{-a's/A)T{-a't/A)T{-a'u/A) 
F(1 -t- a's/A)V{l -[- a't/A)V{l + a'u/A) 


327r 

267r3 

270 


Cl k^KK 


C 2 KK (a ) (5 +t + « ) 


(2.30) 


The one-loop term was approximated to order using Jj^cPzi = 2Imr, the formula (2.22) 
for the one-loop 4-point function, and the fact that |(irp(Imr)“^ = 2tt/3. 
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The predictions of S-duality and superstring perturbation theory require the matching of 
(2.11), (2.16), and (2.18) with the three expressions in (2.30). Using the conversion relation 
KK = 2®7^^, these matching conditions are equivalent to the following relations. 


(h = 

0 ) 

^2 - 2 <t> 

KloC 

= 27rC'oQoK^e-2^2® 


{h = 

1 ) 

n 27r^ 



2 

3 


{h = 

2 ) 

,2 ^2,47r^ («')^ 
270 24 

y 270 ^ V ; 

(2.31) 


These three relations must hold for effectively two unknowns, namely k\q /and expj^ —A}. 
Matching thus requires that a single relation between the coefficients CqQq, Ci and C 2 hold. 

Cl = 27 i^CoQoC2 (2.32) 

As will be shown in section 3, equation (3.33), this relation is precisely the factorization 
condition on the two-loop 4-point function used to determine C 2 , and is manifestly satished 
by (2.29). 

One also obtains the relation between the couplings 0 and A, using the specihc values of 
the constants Co,Qo,Ci,, 


g20 ^ 26^/2 (2.33) 

Notice that p does not depend upon the details of the constants Uq, Oi, U 2 , Qo; as long as 
they satisfy the factorization equation (2.32). 


10 



3 Normalization of superstring two-loop amplitudes 


The expression for the two-loop 4-point function, derived in [21, 23], gives the amplitude only 
up to an overall constant factor C 2 which is independent of moduli and of the Mandelstam 
variables. This constant C 2 is a priori unknown due to the fact that the chiral determinants 
of the Dirac operators on Riemann surfaces are themselves known only up to multiplicative 
constants depending only on the genus. In the present section we determine the exact value 
of C 2 from physical factorization to lower-loop amplitudes. 


For convenience, we recall the two-loop 4-point function of (2.23), 


AC^ei^ki) = C2e^^KKK 


IM 2 (detImD)® 


/ |3^sPexp(' kjG{zi,Zj)] (3.1) 

JS \ z, J 


The antisymmetric biholomorphic 1-form A is dehned in (2.26), and 3^^ in (2.25). To cal¬ 
culate C 2 , we shall work out the separating degeneration limit of to two one-loop am¬ 
plitudes. Thus, we need the precise asymptotics, including constants depending only on the 
genus, of the Green’s function G{z,w), of the quantity 3^^, and of the volume forms, in the 
limit where the genus 2 surface S degenerates to two separated genus one surfaces Si U S 2 . 


3.1 Degeneration formulas for E{z,w), G{z,w), and 3^^ 

We begin with the degeneration formulas for the period matrix, abelian differentials, and 
prime forms. They are all well-known [27, 37, 38]. However, in order to obtain precise values 
for the constants of importance to us, consistently with our notations, we provide a detailed 
derivation of the precise asymptotics for the prime form. 

We shall right away restrict our considerations to genus 2. Choose a standard basis for 
the homology 1-cycles, with / = 1,2 and = 6ij. The period matrix will 

be parametrized by 



The degeneration limit corresponds to letting t 0, so that ri 2 —^ 0 and tend to finite 
limits Tjj —> Tij. The moduli rn and T 22 are then the moduli of the separated tori. The 
resulting asymptotics may be expressed in terms of genus 1 ■d-functions. We recall the 
dehnition, mainly in order to £x our conventions 

■&[ki]{zi,tjj) = ^ exp|f7r(m -h K'jfrn + 27ii{m + k'j){zi + k”)\ (3.3) 

The -d-function satisfies the heat equation d^^{}[K,i]{zi,Tii) = 4:nidrjj^[K,i]{zi,Tii), and the 
product relations 'd((0,r//) = ■d[z/o]'(0, r//) = —n ■d[p 2 ]'d[p 3 ]'d[p 4 ](r//) = —2nri{Tn)^, where 
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Kj, I = 1,2, stand for any genus 1 spin structures while the spin structures /r 2 , 1 ^ 3 , 1^4 are 
the three distinct even spin structures, and z/q is the unique odd spin structure. As usual, we 
set Formulas for -d-function degenerations are standard, and we have 

(see e.g. [19], eq. (5.10)), 




Ki 

^2 






p=0 


\2mJ 




(3.4) 


where = {zi, Z 2 ) G C^. In practice, we shall only need the following special cases. 



■ /i ■ 




■ p' 

Vo. 

<92^ 

>■ 

-Vo. 


(^,fl) 

(0,fl) 

(0,fi) 


1 ^liu](Zi,Tn)^l(z2,T22) +0(t) 


2ri2<9^n^[d](0> Ai) ^i(0> A 2 ) + o(t^) 


d[/r](0,rii)d)(0,r22) + 0(t) 


(3.5) 


where ' denotes differentiation of the hrst argument, as usual, and fi is any even spin structure. 

The degeneration formulas for the holomorphic Abelian differentials are given by [38] 
and [37], eq. (6.59). Their expressions for general hi are denoted by ujj{z), / = 1,2, while 
the holomorphic differentials on the separated components S/ are wi{z). Also, we denote 
by zu^^\z) the Abelian differential of the second kind on S/ with a double pole at z = p, 
and unit residue. (To be completely clear, if z G S/, then tuj{z) = 0 and zu^'^^z) = 0 when 
J ^ I.) The asymptotics to first order in t is then given by 




Wi{z) + \wi{pi)w^^^{z) 

z 

lwi{pi)wf^{z) 

2 : e S; 

{W2{p2)^^p^{z) 

e S 

W2{z) + {'^2{p2L)'^f^{z) 

2 : e S; 


(3.6) 


Here, the points pi and p 2 are the limiting points on the surfaces Si and S 2 respectively, 
left of the degeneration limit. The normalizations of these differentials are as follows. 




ZOj = 5 ijTii 



2mSijzui{p) 



(3.7) 
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It follows that we have® ri 2 = ^twi{pi)w 2 {p 2 ) + r'n = rn + ^twiipiY + 0{t^), 

T 22 = T 22 + - 072 (^ 2 )^ + Parametrizing the tori S/ by the standard parallelogram, 

with vertices 0, + 1, gives wj{z) = 1 for G S/ and vi{z) = 0 for 2 ; ^ S/. Hence 

we have the following simplihed expressions, 

ri 2 = yt + 0{f), t[, = m + yt + 0{f), T '2 = T 22 + yt + 0{f). (3.8) 

We can derive now the asymptotics for the genus 2 prime form E{z,w). In general, 
E{z,w) is dehned by 


E{z, w] H) = 


hiy(z, Q)hiy(w, Q) 


(3.9) 


Here, z/ is a genus 2 odd spin structure; E(z, w; Q) is actually independent of z/, and we shall 
choose it as below. The spinor hjy is dehned by. 


h^(z, = uj\{z)di^[v] (0, f2) 


z/ = 


/i 

Lt^oJ 


(3.10) 


We shall need the degeneration limit only when z E and tc G S 2 , which we henceforth 
assume to be the case. To leading order, we have 


/ ^*1 = 

/w Jpi 


wi = z - pi + 0{t) 

rz 

UJ 2 = / ^2 = -W + P2 + 0 {t) 

Jw Jw 

To leading order, the limit of the ?9-function factor in the prime form gives 
^9[z/] (^J - PuTn)'&i{p2 - w,T22 ) + 0{t) 

The calculation of the spinors hi, proceeds analogously, and we have 

1 


h,y{z,nyh„{w,ny = d[/i](0,rii)Vi(0,r22) 


2 '2Tdrii lnt9[/i](0,rii) + -^tw^y^{z) 


(3.11) 


(3.12) 


(3.13) 


Using again the heat equation to recast the rn-derivative in terms of (^-derivatives, and the 
relation between T 12 and t, the term in brackets becomes. 


■■■] = j{d,dpyn^i{z - pi,Tu) + dl^[p]{0,Tu)/^[p]{0,Tn)} = jSyz,piy (3.14) 


t 


^These formulas are naturally interpreted as the period matrix deformations due to a Beltrami differential 
supported at the points pi and p 2 , with magnitude t. 
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where is the genus 1 Szego kernel for even spin structure jj,. The first and second lines 
above are related by a form of the Fay identity for genus 1. The Szego kernel is given by 


n ( N -Pi,rii)d;(0,rii) 

^[lj]{0,Tn)^i{z - pi,Tii) 

Putting all together, we have 

/ w / X _ l./T^M(^-Pi,Tii)^9'i(0,rii)d;(0,r22) 
hi,\z)hy{w) , , 

2 i9i{z-pi,Tn) 


As a result, we have 

E{z,W,n) = 2t~^Ei{z,pi,Tii)Ei{p2,W]T22) + 0{t^) 

1 1 
= (27ri/Ti2)^Ei{z,pi,Tii)Ei{p2,w;T22) + 0 {ti2) 


(3.15) 


(3.16) 


(3.17) 


where the genus 1 prime form is given by Ei{z, w, r) = {}i{z — w; r)/d)( 0 , r). 

Next, we derive the asymptotics of the Green’s function G{z,w). The Green’s function 
G{z,w) was defined in (2.24). Its leading asymptotics arises from the degeneration of the 
prime form and produces a In |t| term. The subleading asymptotics is constant as t —0, 
and must also be retained. Asymptotics in lower order terms are not needed. The precise 
formula is quite simple. 


G{z,w,Q) = -In |E( 2 :,pi;rii)p + 27r(Imrii)"^ (Im( 2 :-pi))^ 

-In \E{w,P 2 ;t 22 )\‘^ + 27r(Imr22)“^ {lm{w - P 2 )f 
+ ln(|t|/4) + o(l) (3.18) 

or, using the form of the genus 1 Green functions, 

G(z,w;Q) = ln(|ri2|/27r) + G(z,pi;Tn) + G(w,p 2 ; T 22 ) + o(l). (3.19) 


Finally, making use of the limits of the holomorphic Abelian differentials established 
earlier, \miT—>o^i{.z) = 1 or 0 depending on whether 2 : G S/ or not, as well as the fact that 
s + t + u = 0, we readily hnd the asymptotics for 3 ^ 5 , 

lim 3^5 = -s. (3.20) 

T^O 
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3.2 Combinatorics of the degeneration 

Three important combinatorial considerations need to be taken into account in order to 
obtain the correct normalization of the 2-loop measure and amplitude from factorization. 

1. The formulas for the Siegel fundamental domain require that the genus 1 components 
of the degeneration be ordered [39, 40], in the sense that 

Im(rii) < Im(r22) (3-21) 

For an integrand that is symmetric under th T 22 , this ordering is equivalent to 
taking the product over the two genus 1 moduli spaces, and including a factor of 1/2. 

2. The pair zi,Z 2 must run over both genus 1 components of the degeneration. This 
produces a factor of 2 when the formula is written with Zi, Z 2 running only over one of 
the genus 1 components. 

3. As pointed out in [40], one must impose the identihcation t ~ —f, or equivalently 
ti 2 ~ —'Ti 2 - The explanation is as follows. The genus 1 components each have a 
(conformal) automorphism —> — 2 ;. Applying this transformation to only one genus 1 
component changes t —t, in view of the plumbing fixture dehnition t = zw, where 

and w he on opposite genus 1 components. 


The two combinatorial factors due to points 1. and 2. above cancel one another if one 
takes the prescription that one integrates over the full genus 1 moduli spaces of the two 
components and assumes that the pair zi,Z 2 runs only over a single component, while the 
other pair z^, Z 4 ^ runs over the other component only. 

3.3 Factorization of the two-loop 4-point amplitude 

We shall now evaluate the contribution to the residue of the pole in s at s = —q^ where 
q = ki + k 2 = —ks — of the two-loop amplitude resulting from the separating degeneration 
alone. There are other singularities at s = —which are of no interest to us. The first 
is when two vertex operators come close together, producing a pole; the second is when a 
non-separating degeneration occurs, producing a branch cut®. 

By translation invariance on each torus, the points pi and p 2 are arbitrary, and the three 
genus 2 moduli th, T 22 and T 12 span the moduli coordinates on the two tori components 

®For a detailed discussion of the poles and branch cuts for the superstring box graph, see [41]. 
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Si, S 2 as well as the plumbing fixture, without the need for pi and p 2 - Thus, to leading 
asymptotics, the measure has the following limit. 


i- ^ I . ,2 Idriip |dr22p 

n 2 -o (detlmfi)5 ' (Imrn)5 (Imr22)5 


(3.22) 


Combining all ingredients G{z,w) and 3^5 for the limit, as calculated above, we get 


A^2\ei,k)r^s^C2KK{27ir'^/^ 


Mri 2 |Vi 2 | °‘'''^^Bi{ki,k2,q)Bi{k3,k4,-q) (3.23) 


where the 3-point functions are given by (we suppress the dependence of B^^ on the polar¬ 
ization vectors e^). 


B^^\ki, k 2 ,-q) = Jd\d%exp'^{G{zi,Z 2 )-G{zi,pi)-G{ z 2 ,Pi)} 

(3.24) 

Bf\k‘i, ki, q) = Jd%(fz^exp ^ {<^( 2 : 3 , Z4) - G{z3,p2) - G{z4,P2)} 

The above kinematical factors are exactly as one would expect for a 3-point function with 
the external momenta {ki,k 2 ,—q) in the first and {k^Aiiq) in the second, in view of the 
kinematical relations 

-ki ■ {-q) = -k 2 ■ (-g) = -k-i ■ q = -k4 ■ q = -^s (3.25) 

/o'\ 

Notice that, at the value s = ^ja', the 3-point functions Bi themselves have a pole in s. 
This is as expected, and the pole arises from the integration regions zi ~ Z 2 and Z 3 ~ Z 4 . 
The factorization formula should be understood to hold for s in the neighborhood of 4 /q;'. 

It remains to evaluate the pole itself. We are interested only in the first massive pole 
at s = 4/q;', which is also the first singularity (i.e. the smallest value of s for which there 
is a singularity) of the ri 2 -integral. Both Bi factors are independent of T 12 in the limit 
Ti 2 0. Recall from the previous subsection that one must identify T 12 with —T 12 , so 
that the integration over T 12 is actually over a disk with opposite identified, 0 ^ 17 ^ 2 -, where 
= {ri 2 G C, |ri 2 | < e}. Instead of the disk, it is convenient to cutoff the ri 2 -integral by 
an exponential instead with T 12 G C, since the integral is then easily analytically continued 
in s. Retaining only the pole parts, we have 


{27rr'^/^J \dTu\^\Tur'^/^ = (27r)“'*/2y^^^Jrfri2nri2r“'^/'e-l"l 

1671^/a' 
s — 4 /q;' 


(3.26) 
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Here the Z 2 factor accounts for the identihcation tu —>■ —T 12 . Putting all together, we have 

f KKBf\h, h, -q)B?{h, K q)- (3-27) 

s — A/a 

It should be understood here that we are concerned only with that region of moduli space 
where the points on each torus are kept separated from one another. 

3.4 Factorization of the one-loop 4-point amplitude 

From the normalized one-loop 4-point amplitude of (2.22), (derived in Appendix C), we 
obtain the residue at the massive pole s = A/a', which arises when the two insertion points 
Z 3 and Z 4 come close together. In the region of moduli space where 2:4 comes close to Z 3 , we 
eliminate Z 4 in favor of z = Z 4 — Z 3 , but keep all other points. In this way, we get 

= CiKKk^ [ j ^2^^ 

JA4i(Imr)^J j=i; 2 , 3 "' 

X exp I ki ■ kjG{zi, Zj) i . (3.28) 

The 2 :-integral is familiar and, retaining only the pole parts in s, we have 

f \dz\^ = f \dz\^ (3.29) 

The remaining integral is proportional to the 3-point function factors Bi introduced in the 
factorization of the 2-loop amplitude in (3.24). In (3.24), however, Bi was expressed as an 
integral over 2 of the three vertex points, while the integral in (3.28) has 3 vertex point 
integrations. Using translation invariance on the torus worldsheet, one of these three inte¬ 
grations may be carried out. This hxes the third point and produces a worldsheet volume 
factor 2Imr. The factor of Imr reduces the denominator in (3.28) from (Imr)“® to (Imr)“^ 
in (3.24). The extra factor of 2 needs to be retained, and hence 

h) = C 4 KKk^ }^ll^E 4 {k 3 , k 4 , q), q = -k 3 - k 4 . (3.30) 

s — A/a 

3.5 Factorization of the tree-level 4-point amplitude 

The normalized tree-level 4-point amplitude of (2.21), (calculated in Appendix B), may 
also be factored onto the massive pole at s = 4 /q;', and we hnd, 

A^^\e,Ai) = ^CoQoe-^^K'^KK -(3.31) 

a s — A/a 
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3.6 The factorization constraint 


Finally, we can implement the factorization constraint between the two-loop, one-loop, and 
tree-level superstring amplitudes. Expressing the pole in terms of a common factor, 

Af\k,) = K^KK(2C^Bf A 

A^2\ki) = (3.32) 

s — A/a' \ / 

The particular factorization of the tree-level, one and two-loop string amplitudes we are 
considering in (3.32) is illustrated in Figure 1. 



Figure 1; Factorization of the tree-level (a) to (a’), one-loop (b) to (b’) and two-loop (c) to 
(c’) 4-point functions on a massive intermediate state. 
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The consistency of the factorization of the two-loop amplitude on the first massive pole 
with the tree-level and one-loop factorization requires the following relation 


= 27r^CQQoC2 


(3.33) 


Using the values obtained for the tree-level amplitudes in Appendix B and for the one-loop 
amplitude in Appendix C, 


C^o = 


1 

¥ 


we obtain 


Qo 


V2 

2®7r®(Q;')^ 


C, 


1 

2®7r^(Q;')^ 


(3.34) 


" 26(a')5‘ 


(3.35) 


The a' factor agrees on dimensional grounds. For completeness, we list the two-loop 4-point 
function expressed in terms of the S-duality normalization of the dilaton, 



KK r \d^Q\^ r 2 

2 ^ 27 r 2 (Q ;')5 (detlmhl)® ■S' e p 



(3.36) 
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4 The term from the two-loop amplitude 


In view of the presence of the factor in the two-loop amplitude, and the fact that 3^5 
itself is linear in the kinematic variables s, f, m, the term will arise from setting ki = 0 

in the exponential in (2.23). The integration over then reduces to the following integrals, 


L “ L 


sA(l, 4)A( 2 ,3) - fA(l, 2)A(3,4) 


— £1 -|- £2 


(4.1) 


where 

A = (i>^ + (^)(/^JA(l,2)|2)' 

£2 = -2st [ A(1,4)A(2,3)A(1,2)A(3,4) (4.2) 

JS4 


The integrations may be carried out using the Riemann bilinear relation. 


J ujjuj*j = —i j u} A Uj = 2Imr2/j 


(4.3) 


The double integral for £1 and the quadruple integral for £2 are readily carried out using 
(4.3), and we hnd the following results. 


£1 = 64(s^-|-t^)(det Imhl)^ 

£2 = 64sf (det Imhl)^ 

Putting all together, and using 4s^ -|- 4f^ -|- Ast = 2(s^ + + m^), we have 

/ = 32(s^-I--I-M^)(det Imhl)^ 

In this limit, the amplitude reduces to the following expression, 

k) = SV2C2 e“(a')“(s" + i" + u^) k‘ KK 


(4.4) 


(4.5) 


(4.6) 


Here, we have restored the dependence on a' for later use, and V 2 is the volume of genus 2 
moduli space AI 2 , i-e. the volume of the fundamental domain of 5^(4, Z)/Z 2 . Using the 
explicit formula for the volume given in Appendix §A, we have 




(u, ki) 


2V 


C2 e^''(a') (s +r + M ) « KK. 


(4.7) 
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5 Heterotic and D^F^ terms 


Extensive results are available on the Heterotic string contribution to the low energy effective 
action arising from tree-level and one-loop orders [44], As the two-loop contribution to the 
4-point function is now also available, we may add to these results as follows. 

Two-loop 4-point amplitudes in the Heterotic string with space-time and gauge structure 
and F'^F'^ were derived in [ 21 ] eq. ( 1 - 22 ), and are given by 

Ap. = (detI.nn)^4.o(n) L g fc. ■ j (5.1) 

Here, K is the standard kinematical factor 2^ Ch is an overall normalization constant 
and ys is the same quadri-holomorphic form familiar from the Type 11 amplitudes in (2.25). 
The leading order term in small momenta is obtained when the exponential factor equals 1 
as /cj —0. The remaining factor ys has two extra factors of momenta. This guarantees that 
the and terms receive no two-loop renormalization, as shown in [ 21 ], but thus also 

implies non-vanishing corrections of the type D^F^ and D^F^F^. 

We shall evaluate this contribution here for the simplest case, namely for the Eg x Eg 
theory, when two external states (say 1,2) are in the first Eg, while the remaining states (3,4) 
are in the second Eg. The form of is then particularly simple, and given by 

Wir4 = itr(T“iT“2)tr(T“3T“^)F® (;^i, Z2)FP{zg, z^) (5.2) 

In [21], the function F^^^ was computed explicitly in equation (12.7) and is given by 

Ff\z,w) = ^id^d^\nE{z,w) + ^■u:i{zi)uj{z2)dij^4: (5.3) 

Here, 4/4 is the unique modular form of weight 4, defined by \['4 = Z] 5 'd[( 5 ]( 0 , H)®. Using the 
symmetries of 3 ^ 5 , the integration reduces to 

[ Wp.ys = / Fi")(l,2)Fi'^(3,4)o.;(l)o.}(4)o.^(2)o.*(3) (5.4) 

The integral over may be computed using (4.3) as well as the Riemann relation 

/ ijj*T dzdw\\iEiz,w) = 27110j(w) (5.5) 

JT, 

It is convenient to first evaluate the double integral 

f F4^^(1, 2) a;j(l)a;^(2) = 47r(lmH)/x^4 + 27ri(lmH)/M'9Mv'h4(ImH)vif (5.6) 

J 
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and hence 


J Wp^ys = 87 r^s(detlnir 2 )^ det (^u In ']/4 — 2 i(Inir 2 )(5.7) 
Putting all together, we have in this limit, 

Af^ = si7 87r2C'^^tr(T“iT“2)tr(T“3T“") / f4^) 

Jm 2 (detlmiz)-^ 

'h fnP r 

'l/i 7 ’ 4 (r 2 ) = det (9/j In |\ 1'4 (det (5.8) 

'l/io(ii) L '• J 

where we have used the relation (9/j In det Im hi = —i/2(Imr2)7j. Notice that \['ir 4 is a non- 
analytic modular function, i.e. a modular form of weight 0. Indeed, combining the following 
transformation laws, 

Q = {AQ + B){CQ + D)-^ 

^4(fi) = det(C'fi + D)^^4(^^) 

detimfi = |det(Cr2 + i9)|~^ det Imhl (5.9) 

we hnd the following transformation law, 

^ 4 (^) (det Im fi)^ = det(OT + D)-^ ^ 4 (fl) (det Im fl)^ (5.10) 

Taking the log and differentiating in hl/j produces a rank 2 modular tensor 

(9/j In IT 4 (detlmhl)^! (5.11) 

whose determinant is a modular form of weight 2 , making 'hi ?4 a modular function. 
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A The Sp{2h^Z)/7i2 fundamental domains 

We give a synopsis of the key facts about genus 1 and 2 moduli spaces and their measures 
needed in the sequel. 


A.l Genus 1 


The genus 1 moduli space is given by the fundamental domain of Sp{2, Z)/Z 2 , namely 

1 


Ml = |r e C; Im(r) > 0, |r| > 1, |Re(r)| < -| 

Its volume for the Poincare metric is as follows, 

Idrp 27r 

~ “ Y 


Ri = 


'Ml (Imr) 


|(ir| = \dT A drl 


(A.l) 


(A.2) 


A.2 Genus 2 


The genus 2 moduli space is considerably more complicated. It is given by the fundamental 
domain of Sp{4, 


Mo = = 


satisfying (1), (2), and (3) 


'Til Ti2 
.T12 T22 . 

where the three conditions are given by, (see e.g. [39] and [40]), 


(A.3) 


( 1 ) 

( 2 ) 

(3) 


|Re(rii)| < |Re(r 22 )| < |Re(ri 2 )| < ^ 


0 < |2Im(ri2)| < Im(rii) < Im(r22) 

|det(C'fI + D)| > 1 for all ^)e^p(4,Z) (A.4) 

The volume of the genus 2 moduli space was computed by Siegel [39], and is given as follows, 

f d^Re{Q)dHm{Q) 


Jm 2 (detlmhl)^ 270 
In our conventions for the measure, this takes the form. 


w = 


\d il\ =1 A/<j drul 


(A.5) 


(A.6) 


/a ^2 (det Imn)^ 270 

Notice that in the separating degeneration limit, M 2 tends to the symmetrized product of 
Ml and M 2 , since their moduli are ordered, 

lim M 2 = Mi(rii) X Mi(r 22 ) Im(rii) < Im(r 22 ) (A.7) 

ri2^0 
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B Tree-level superstring amplitudes 

In [37], an expression for the tree-level superstring amplitudes was derived only up to a 
constant due to the combined determinants of matter and ghost helds on the sphere. The 
scalar as well as the he ghost determinants have been derived by Weisberger [42], We give 
here a rigorous derivation for all spins. We also take the opportunity to correct some typos in 
[37]. Since numerical constants are crucial for our present purposes, we explain their origin 
in some detail. 


B.l Determinants of Laplacians on the sphere 

The metric on the round sphere with Gaussian curvature i? = 1 is given by, 

25mn 

(i + kP)2 

where 5zz = = 1 and <5^2 = ^22 = 0. The Laplacians of interest are, 

A+ = —9Vf sVG) 


(B.l) 


(B.2) 


for forms of spin n G Z/2. The cases n = 0, n = 1, n = —1/2 and n = +1/2 respectively 
correspond to scalars, the he ghosts, the Dirac spinor, and the /dy superghosts. Henceforth, 
we shall assume that n > —1/2; in the contrary case, simply interchange n and —n — 1. The 
eigenvalues of the Laplacians are given by. 


— n){t + n + 1) 


r f' = n-l-l,n-|-2, 

\ multiplicity (2£ -f 1) 


(B.3) 


Modes with ^ = n and / = —n — 1 correspond to zero modes of and while modes 

with smaller ^ correspond to non-normalizable solutions. The determinant of the Laplacian 
(with zero modes suitably removed), is given by 


lndet'A ,2 = -C(n)(0) 

where the corresponding (/-function is dehned by 

21+1 


2^+2n+l 




(B.4) 


(B.5) 


Using Feynman parameters to combine both factors in the denominators of the sum, and 
expressing the result with the help of the Hurwitz (/-function, which is dehned by 


C(s,m) = ^ ——— 


(B.6) 
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we have 


C(n)(g) = y\s)T{s -1) lo ^C(2s-l,l + a(2n+l)) (B.7) 

The prefactor of T-functions vanishes to first order in s at s = 0, but the integral has poles 
at s = 0. It suffices to isolate the parts of the integrand that produce the poles. They arise 
from terms constant and/or vanishing linearly at a = 0,1. We use the notation a = 2s — 1, 
and expand as follows, 

C(a, l + a(2n + l)) = ^ {C(ct, 1) + ((o', 2n + 2)} + ai(a - ^) + a(l - a)v9„((T, a) 

1 1 

(Pn{cr,a) = - {v?n(o-,0) + V5n(o-, 1)} + a 2 (a --) + a(l - (B.8) 

The coefficients Oi and 02 are independent of o;, so that the contribution of those terms to 
the integral over a vanishes by the symmetry a <->■ (1 — a) of the integral. The functions 
(fn and ipn are analytic in s, just as ( was. The integrals of the terms independent of a and 
linear in a{l — a) are calculated using the Euler beta-function integral. The terms in ipn 
above may be computed by taking the derivative in a of (B.8) at a = 0,1, and using the 
formula a)/da = 4-1, a), 

ipn{cr, 1) (Pn{cr, 0) = a{2n + 1) {({a + l,2n + 2) - C,{a + 1, 1)) (B.9) 

Combining all results, we obtain, 

rf2s — Ij 

C(n)(s) = C(n)(s) + daa\l - a)>n(2s - l,a) (B.IO) 

where the reduced function is given by 

C(%(s) = C(2s -1,1) + C(2s - 1, 2n + 2) + l(s - l)(2n + 1) (C(2s, 2n + 2) - C(2s, 1)) 

2nH-l -I -| 2nH-l -1 

= 2CK(2i,-l)- y ^ + -(l-s)(2n + l) y ^ (B.ll) 

Here C_r is the Riemann (/-function. The part of (B.IO) admits an analytic continuation 
in s throughout the complex plane C because C,r does, while the integral term in (B.IO) is 
analytic in s as long as Re(s) > —1. In particular, the entire expression is now well-dehned 
and analytic around s = 0, and its value there may be readily computed. 

To evaluate C(„)(0), it suffices to differentiate (B.IO) is s and to set s = 0, 

C(n)( 0 ) = C(%( 0 ) 2 Jo (B.12) 
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To calculate '^n(—1,0;), we use its definition in (B.8), combined with the following formula, 
which may be found in [43], 





u) 


1 

12 


(B.13) 


As a result, 1, a) = (2n + 1)^/2 and thus '^n(—1, a) = 0, so that the integral in (B.IO) 
vanishes. The remaining terms are obtained from differentiating (B.ll), and we hnd. 


1 2n+l 

C,'„)(0) = 4cy-l) - -(2n + 1)2 + (2( - 2n - 1) ln( 

^ £=1 

By the same methods, we may read off also the following useful values, 

2 

C(n)(0) — —n — — 

The special cases n = 0, n = ±1/2, and n = 1 give the following C(„)(0), 

1 


(B.14) 


(B,15) 


C(o)(o) ~ 1) 

C-i/2(0) = 1) 

Ci/2(0) = 4Q-l)-2±21n2 

C('.)(0) = 4Cy-l)-^ + 31n3 + hi2 


(B.16) 


Finally, we use the general formula that CaA(„)(-s) = A ^Ca(„)(-s) to rescale the Laplace oper¬ 
ators and the determinants. 


det'AA(jj) = A‘’("4c’)det'A= A "■ ^^^det'A 


(n) 


HA 


(B.17) 


Putting together all the determinants that enter the superstring, we have 

, 5 


'dvr^o'det'A 


(0) 


-5 


/sv^ 


det'(2A(i)) 


(^detA 


(- 1 / 2 ) 




det'(2A(i/2)) 27(7ra')' 


(B.18) 


B.2 The conformal Killing vector volume 

The measure |(5pf,p of SL{2,C) (denoted djj, = \5ph\‘^ in [37], eq.(2.108)), may be dehned in 
a variety of related ways. It is convenient to express these in terms of the analytic measure 
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(B.19) 


6pb. First, we have the formula of [37], eq.(2.108), 

Szo Szi Szo 


Spb = 


(^Zq Zi^i^Zi ^oo)(^oo ^o) 

Parametrizing the points as the images under g G SL(2, C) of three fixed points 0, 1, oo, 


9 = 


a b 
c d 


^r). — 


an + b 


cn + d 

for n = 0,1, cx) and ad — be = 1, the measure 5pb may be expressed in terms of a, b, c, d, 


(B.20) 


6pb = —a6b A 6c A 6d + bda A 6c A 6d — c6a A 6b A 6d + d6a A 6b A 6c 

= {6a — 6d) A 6b A 6c at g = I (B.21) 

The calculation of the conformal Killing volume now proceeds as follows. The integration 
over all vector fields parametrizing inhnitesimal metric deformations is only over those n™ 
orthogonal to the conformal Killing vector helds. On the other hand, we divide out by the 
entire volume of all vector helds. We want to trade in the measure \6pb\‘^ for the integration 
over the conformal Killing vector helds v^. To see the ehect, it suffices to determine the 
ratio of these two measures. Given that we are dealing with the invariant measure on a 
group SL{2, C), we need to do this just around the identity in SL{2, C). 

The vector helds are the variations in due to variations in a, b, c, d, 

6v^ = Y. ScnZ^ = 6b+{6a-6d)z-6cz^ (B.22) 

n=0,l,2 

Hence the volume form may be expressed in terms of the dcn, 

6pb — — 6cq a dci A 6c2 (B.23) 

On the other hand, the measure for the conformal Killing vectors is governed by the 

metric on the space of Killing vectors, 

WdvW'^ = [ dh^grnn6v^6v^ = Y (B.24) 

n=0,l,2 

Hence we have = iVgiVfiV||(5pfep. With the round metric of (B.l), the normalization 

factors are evaluated as follows, 

/ pCSD 

d^z{g.,f\z^\^ = 167rj^ 

and we hnd, Nq = Nl/2 = = 167r/3, in agreement with [42], and 
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B.3 The superconformal Killing spinor volume 

The superconformal case is analogous to the conformal case, but the group of interest is now 
the supergroup 0SP{1, 1). The derivation given here is parallel to the procedure of [37] §III. 
L, page 976. We isolate the measure on 0SP{1, 1) in terms of Zij = Zi — Zj — 9i9j, 


Sps = 


5zo 5zi 5zoo 59 q 59i 69^ 


■(^Ol^oo + ^loo^O + ^ooO^l + 9o9i9o 


(B.27) 


^01 ^loo -^000 

The last factor is related to the invariant A of [37, 45]. The 0SP{1, 1) transformations act 
by 

'az + b + a9 'yz-\-e + A9' 


Tiz,9) = 


cz T d T /3d cz d (59 


where the matrices 
T = 


/ a 

b 

a \ 


( ° 

+1 


c 

d 


K = 

-1 

0 

0 

V7 

e 

a) 


1 0 

0 

-i; 


(B.28) 


(B.29) 


satisfy T^KT = K. We parametrize the variation of three points 

{zo,9o) = T(0,d) 

(;.i,di) = T(1,0) 

(;^oo,doo) = T{z,9i) (B.30) 

inhnitesimally around the identity transformation T = L The general variation is given by 

6zn = 5b + {6a — 6d)zn — Scz"^ + {5a — Zn5j3)9n 
59n = 5eZn5'y + 5A9n — 9n{Zn5c + 5d) + 595nfi 
The measure may now be computed, and we hnd, 

5ps = 9 69 A 6'y A 6e A {5a — 5d) A 5b A 5c 

The normalizations for the two conformal Killing spinors are now given by 

1 3 


N^ = 2 J d^z{g,,f/^\z^ 5|2 

Explicit evaluation gives 

Nl= Nl= 2®/V 
2 2 

The measures are related by 


n = 


2 ’ 2 
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\6ps\‘^ = NlNl\5\{^\5'^p,f = ^\6'^v5\\^ 

2 2 bdTT 

The relation of \5^Pb\‘^ to is as in the bosonic case (B.26). 


(B.31) 

(B.32) 

(B.33) 

(B.34) 

(B.35) 



B.4 The coefficient Qq 

Following the gauge-fixing procedure of [37], the coefficient Qo is found to be given by 


/ det A(_i/ 2 ) y deh(2A(i)) V2 

° iYgiVfiVl \7rQ;'det'A(o )J det'(2A(i/2)) 647r®(Q;')^ 


(B.36) 


B.5 The massless tree-level A^-point function 

This calculation was carried out in [37], TILL, but some of the coefficients are inaccurate. 
The correct expressions are as follows. Let the superfield propagator on the superplane 
(projected from the supersphere) be given by, 

G(z, z') = - In {\z -z' - ee'f + e^) (B.37) 

where e gives the correct short-distance prescription. 

To compute the scattering amplitudes, it is actually convenient to view e and e as Grass- 
mann odd numbers and to work with the vertex generating function 


V*{e,e,k)= [ d^l^zE exphA;-A + + 

Jt. 


(B.38) 


where it is understood that this quantity must be expanded precisely to first order in e and 
to first order in e, a prescription that will be indicated by le^. We then have. 


N 


N 


i=l i=l 

It is straightforward to compute now, 

N N ( 

(11 ki)) = n / c?^'^z*exp <GN-J2ki- kjG{zi, zj 

i=l i=l ^ ( i<j 

where 

^ / 1 .1 
= J2{'^ki- ejV\. + iki ■ ejVi_ - -e^ ■ ejV\Vl - -e* ■ ejV\Vi_ 




■ie, ■ e.VlVi - ) G(z„ z,^ 


(B.39) 


(B.40) 


(B.41) 
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Neglecting contact terms, as we are instructed to do by the “cancelled propagator argument”, 
we have the following expressions, 


P^G(z„z,) = -^ 

Zij 

PV^^iG(z„z,) = - — 

Zij 

VXViG{zi,Zj) = 0 


where we use the notation. 


dij = Oi- 6j 
dij = 0i — 9j 


PlG(z„z,) = -^ 

Zij 

VlViG{z,,z,) = -^ 

Zij 

VlV{G{zi,Zj) = 0 


Zij Zi Zj 9i0j 
Zij Zi Zj 9i0j 


(B.42) 


(B.43) 


Thus, we have the following systematic expression for \ 

rM 1 

^P/ 


-i/ci-ej^ 


(B.44) 


The superconformal volume is factored out as follows. 


N / r \ r r 

{Y[V*ie,,e,,h)) = ( \6p,n / n / H l%l 

i=l ^ ' i=l i<j 


(B.45) 


Here, it is understood that 


ZN-2 — Zn-2 — 0 
ZN-1 = Zn-1 = 1 


6n = On = 0 
On-1 = 9n-i = 0 


(B.46) 


and the subscript |e (respectively |e) stands for the prescription of retaining only terms that 
are linear in each e* (respectively in each Cj). 

For N = 3, only the integration over 9i remains, and we have 


— *(^1 ■ e2)(e3 ■ ki) + i(e2 ■ 63)(ei ■ /C2) + *(63 ■ ei)(e2 ■ k^) 


(B.47) 
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B.5.1 The 4-point function 

We expand and use the fact that 6^ = 64 = 0 to simplify the result. We obtain, 

^(+) 111111 
y4 — Cl ■ 62-f Cl ■ €3-h €1 ■ 64 -h 62 ■ 63-h €2 ■ €4 -h 63 ■ €4 - 

Z 12 Zi4 Z 23 Z 24 Z 34 

-i{ki ■ €2 + k2- Cl)— - i{ki ■ €3 + ks- — i{ki ■ €4 + k 4 - ci) — 

Z\2 Zi 3 Zu 

O 2 O 2 

—i(k 2 ' €3 k 3 ■ € 2 ) - *(^2 ■ 64 + /c4 ■ 62 ) — 

Z 23 Z 24 

Next, exponentiate while retaining only contributions that are linear in each Cj, 

111 

= ~(ci ■ C2)(c3 ■ C 4 )-(ci ■ e3)(e2 ■ 64 )-(ei • e4)(e2 ■ 63 ) — 

2^12 2:13 2:23 


(B.48) 


~(Cl ■ C 2 ) ( (C3 ■ ^l)(c4 ■ ^ 2 ) 


-^ + {e4-k4){e3-k2)-^) 

2:122:13 2:122:23 / 


+5 permutations of the last line 

The basic integral formula needed for 4-point functions is^ 

T{1 + A)T{1 + B) T{-1-A-B) 
T{2 + A + B) r(-i)r(-.B) 


d^z z^{l — z)^z^{l — z)^ = 2n 


(B.49) 


(B.50) 


for A —A, B — B G Z. The integral is invariant under {A, B) {A, B), and factors according 
to the left-moving ; 2 -dependence of the exponents A, B, and the right-moving ^-dependence 
of the exponents A, B. The superspace integrals we need for c, c = 0,1 are as follows. 


d^i^zi j d‘^e2{0ie2y{0ie2y z^ 2A - zi)^zf2{i - zi)^ 

,r(i + Gi)r(i + 5) r(-c-i-.B) 


= M-) 


T{1 + A + B + c) r(-i)r(-.B) 


(B.51) 


which is also invariant under the interchange {A,B,c) <->■ {A,B,c). The integrals needed 
here are given as follows, for a, a, b, b,c,c E Z, 




Zi I (f02{0id2y{0id2y Zi2^ (1 — ^1) 2 ^Zi2^ (1 — ^1) 2 ^ 

r(-s/ 2 )r(-t/ 2 )r(-M/ 2 ) 


= 27i7l7l 


r(i -|- s/ 2 )r(i -|- t/ 2 )r(i -i- 11/2') 


(B.52) 


^We use the following conventions (which differ from those used in [37]), dz = —idz A dz, d?9 = d9d9, 
so that J d‘^9 99 = 1, and / d^0i f d‘^92 (0i02)(^i^2) = — 1- 
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where 


^ r(i - s/2 - a)r(i + i/2)r(i - «./2 - b) 

' ’ r(-s/ 2 )r(l+i/ 2 -o -6 + c)r(-ti/ 2 ) 

^ r(l + s/2)r(—1/2 + a + 6 — c)r(l + m/2) 

r(s/2 + a)r(-t/2)r(M/2 + h) 

The various values needed here for the calculation are given in the table below. 


form of prefactor 

a 

b 

c 

n 

sign 

net factor 

-1/(^12) 

1 

IT 

0 

—tujA 

— 

-l-tM/4 

-1/(^13) 

0 

1 

0 

—st/A 

+ 

—st/A 

-1/(2:23) 

0 

0 

0 

+su/A 

+ 

+su/A 

-0162/ {Z12Z13) 

1 

1 

1 

-tl2 

+ 

-t/2 

— O1O2/ ( 2 ^ 12 ^ 23 ) 

1 

0 

1 

-\~u/2 

+ 

-|-'u/2 

- 6 * 16 * 2 /( 2 : 132 : 23 ) 

0 

1 

1 

-\-s/2 

+ 

-fs/2 


A similar table holds true for TZ. 

B.5.2 Final formula for the 4-point function 

111 
+-tM(ei ■ e 2 )(e 3 ■ 64 ) — ■ e3)(e2 ■ £ 4 ) + -SM(ei ■ e4)(e2 ■ € 3 ) 

1 1 

■ ^2){^3 ■ ^i)(Q ■ ^ 2 ) ~ ' ^2)(Q ■ ^ 1 ) 

1 1 

+ 2'®(^1 ■ ^ 3){^2 ■ ks){e 4 ■ ki) + ' ^ 3 )i ^2 ■ ^l)(e 4 ■ ^3) 

-^s(ei ■ 64)(e2 ■ k 4 ){e 3 ■ ki) - ^M(ei ■ 64)(e2 ■ ki){e 3 ■ /C4) 

--^{^2 ■ e3)(ei ■ k^){e4 ■ /C 2 ) — ' e3)(ei ■ k2){e4 ■ k^) 

1 1 

+ 2'®(^2 ■ ■ k4){e-4 ■ k2) + 2^(^2 ■ Q)(ei ■ k2){e^ ■ /C 4 ) 

■ e4)(ei ■ ^4)(e2 ■ /i^s) ~ 2 ^^^^ ' ' ^3)(e2 ■ ^ 4 ) (B.54) 

Factoring out the polarization vectors (taking into account that they anti-commute with one 
another), one gets 

^ (B.55) 
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with 


L 


flupa 


^tUfj^iyfjpu ITjppTjiiu TjpfjlTjiyp 

+ ^s {ripp k^kl + r]p„ k^k^ + r]yp k^k^ + r]^a k^k^) 
+ ^t iViMu Kk2 + Vi^p + Vua k^K + Vpa k'^kl) 
+ ]^u {rip„ k'(k^ + r]p^ k^k^ + r]^p k!^k^ + rjp^ k^k^) 


(B.56) 


To identify this expression with the if-factor normalized earlier, we identify the coefficients 
in ei - 62 , and we hnd, 


K = {(^ 1 - € 2 ) { 2 tM(e 3 • 64 ) - 4 t(e 3 ■ k^^e^ ■ k 2 )} + perm 


Hence, K = Seie^e^e^L/^i^po- and 



|. |2\ > 27rr(-5/2)r(-t/2)r(-V2) 

' J T{l + s/2)T{l + t/2)T{l + u/2) 


Thus, the 4-point function for 4 gravitons is given by (2.21) with Cq = 2 


(B.57) 


(B.58) 
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C One-loop superstring amplitudes 

We first give a detailed derivation of the determinant formulas for genus 1, paying special 
attention to their absolute normalization. 


C.l Summary of determinant formulas 


Although the full amplitude is independent of the specihc parametrizations used, the inter¬ 
mediate formulas are dependent. We use the following notations, 


S = {z e C, z = ai + r(j 2 , 0 < (Ji ,2 < 1} 

Ml = {r G C, 0 < Im(r), |Re(r)| < ^, 1 < |r|} (C.l) 

and the metric is given by = 2gzzdzdz = 2dzdz. With this metric, the area of the 

surface S equals 2Im(r). It is often convenient to set 2 ; = a; + iy, with x,y G C. The 

Cauchy-Riemann operators are then. 


2d = 2-^ = d^- idy 
dz 


2d = 2-^ = dx + idy 
dz ^ 


(C.2) 


With these conventions, we have the following values for the functional determinants, 

det'A = 2(Imr)^|77(r)|^ 


(det'P/Pi)5 

(det2(9)5 


= det'2A = (Imr)^|77(r)|^ 

= (detS), = 


(detPjPi)l = 

2 2 


v{ 

t) 

|2 _ 

d[(5](r) 


r/(r) 


(C.3) 


C.2 Determinants of Laplacians on the torus 

The differential operators are all proportional to the Cauchy-Riemann operators or their as¬ 
sociated Laplacian, but the boundary conditions depend on whether we deal with a tensorial 
or a spinorial held with spin structure 6. The general boundary conditions are, 

ip{x + l,y) = — exp{27iiS'}ip{x,y) 

-f Re(r), y-|-Im(r)) = — exp{27ri5"}ip{x,y) (C.4) 

The Laplace operators for various tensor weights are all proportional to the Laplace operator 
on scalars, A(o) = —2dB. A basis of functions for these boundary conditions is given by 

9?mn[5](a:,|/) =exp|^^^(^(m-Fa)(Im(r)a;-Re(r)|/)-h (n-h&)|/^| m,n gZ (C.5) 
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with a = 5' + 1/2 and h = 5” + 1/2. This basis diagonalizes the Laplace operators, 






\n + h- {m + a)r|Vmn[(5] 


(Im r)2 

For generic (a, h) ^ (0, 0), the ^-function for the Laplace operator is dehned by 

&w= i: ^ 




\n + h — {m + a)T 


2 s 


The determinant is obtained by 


/ Im T 

ln(det 2 A )5 = -(^0) - 2^(0) In 
The valnes of the ^-function are as follows. As long as (a, b) ^ (0, 0), we have 0(0) 


-CKO) = In 


d[(5](0,r) 


7]{t) 


(det2A)5 = 


^[<5](0,r) 


?7(r) 


and by holomorphic factorization, we have (np to an overall constant phase), 

d[5](0,r) 


(det2(9)5 = 


r/(r) 


For periodic bonndary conditions, a = 6 = 0, we hrst snbtract the term m = n = 
case (a, b) ^ (0, 0) and then take the limit a, 6 —0. The relevant O^nnction is 


c(s) = E 

(m,n)f^(0,0) 


n 


= , CK-s) 


mrP® (a,b)^(o,o) 


\b — ar 


2s 


with 


lndet'(2A) = -('(0) - 2C(0) In 


Imr 


Using ■d[(5](0,r) {b — ar)-dO0,r), and 'd^O,'?') = —27r?7(r)^, we get, 

det'(2A) = (Imr)^|77(r)|"^ 

It is also usefnl to have the scaled np version of determinants. 


det'(2AA) = —(Imr)^|77(r)|^ 
A 


(C.6) 

(C.7) 

(C.8) 
= 0, and 
(C.9) 

(C.IO) 
0 in the 

(C.ll) 

(C.12) 

(C.13) 

(C.14) 
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C.3 The 1-loop superstring measure 


Putting together the entire measure, we have 


dni[6] = - 


1 / iTT^a'det'A 


-5 


!V9 


|(det(9), 


,c,.„ 


2 2 ' 


where the last factor |dTp/r| is the normalized Weil-Peterson measure on Afi. Substituting 
the values of the various determinants, we have 


^ rxi /o I , ,2 


(C,16) 


where the coefficient Qi is given by 


Qi — 


4(47r^Q;')^ 


(C.17) 


A hrst factor of 1/2 arises from dividing out by the volume factor of SL{2,Z) instead of 
PSL{2,Z), as has been argued for in [46] and in [47]. The difference between these two 
groups consists of the (conformal) automorphism of the worldsheet S which send 
A second factor of 1/2 arises because of our conventions for |(irp = [dr A df |. Compared to 
[37], this has an extra factor of 2 by its very dehnition. 

As a result of the extra factor of 1/4 in d/ii above, the coefficient Qi now also has an 
extra factor of 1/4. It is straightforward to see that, for the superstring amplitude with even 
spin structure S, this hnal normalization agrees with the corresponding normalization for the 
bosonic 1-loop amplitude, as computed in [46] and in [47], using the Polyakov integral, and 
in [48] using operator methods. 


C.4 The 1-loop superstring amplitudes 

To complete the calculation of the 4-point 1-loop amplitude, we must carry out the GSO 
summation of the contractions of all '^-helds in the vertex operators. All other contractions 
vanish by the Riemann identity on the torus. The expansion of the vertex operator con¬ 
traction, was given for any genus in [21], eq (7.2), with the normalization of the kinematical 
factor K given in [21], eq (6.1). The two required summation identities are as follows, 

5 

S 2 = E(^o|d)^?[d](0)"^5(;^i, Z 2 )Ss{z 2 , Z:,)Ss{z^, z^)Ss{z^, z^) (C.18) 

Since each quantity is holomorphic in each Zi, both are ; 2 j-independent. By setting Z 3 = zi 
in the both, we obtain the same expressions; hence we have S 2 = Si. To evaluate Si, we use 
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Fay’s formula for the torus, 

S&{x,yf = d^dy\YiE{x,y) + ^9[(5]"(0, r)/^9[(5](0, r) (C.19) 

The hrst term does not contribute and the second may be recast in the following form using 
the heat equation, 


Thus, we have 


'd[(5]"(0, r)/d[(5](0, r) = Amdr lnd[(5](0, r) 


(C.20) 


Si = (47ri)^^(z/o|(5)d[(5](0)^ ((9^1nd[(5](0,r))^ (C.21) 

(5 

This sum may be worked out using the following identities, based on [19], eq (5.36-37), 
(9^1n(79[/i2](0,r)/r/(r)) = ^ (^?N(0, r)^ + d[/i4](0, r)^) 
9^1n(d[/i3](0,r)/r/(r)) = ^ (^?H(0, r)^ - d[/i4](0, r)^) 
(9^1n(d[/i4](0,r)/r/(r)) = ^ (-d[/i2](0, r)^ - ?9[/i3](0, r)^) (C.22) 

where, as usual, we have 

/i2 = 0] y, = [0 0] /i4 = [0 (C.23) 


Hence 






(C.24) 


With the help of the Jacobi identity, this simplihes to Si = —(27r)"^77(r)^^. Thus, using the 
notations of [21], eq (7.2), we have 


^(z/o|/i)d[/i](0)^>Vo[/i] = 

And the full 1-loop amplitude is given by (2.22), with the value of Ci, 


Cl = (47r^)2gi = 


1 

2^7r‘^{a')^ 


(C.25) 


(C.26) 
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D Regularization Dependence of Determinants 

The Polyakov integral can only give superstring amplitudes up to a proportionality factor of 
the form which should be absorbed in a shift of the dilaton expectation value. This 

is due to the need for regularization and renormalization of the path integrals, and different 
schemes differ by such a proportionality factor. 

D.l Difference between regularization schemes 

Here we illustrate this phenomenon by comparing explicitly the zeta function regularization 
with the short time cut-off regularization. 

In the zeta function regularization for the determinant of a Laplacian A, the quantity 
In det'A can be dehned as —C'(0)) where C('S) = and the prime denotes summation 

over the non-zero eigenvalues A of A. For our purposes, it is convenient to write C(’S) as 

1 

C{s) = ^J dtf-\TTe-^^-N) (D.l) 

f (s) Jo 

where N is the number of zero modes of A. Now the integral in t between 1 and oo is 
convergent, and produces an entire function of s. Thus, to evaluate C^O); it suffices to 
determine explicitly the analytic continuation of the integral over t G (0,1). For this, write 

/'(Tre-*^ - N)f-^dt = + Ao)f-^dt + /'(Tre”*^ - ^ - (Aq + N))f-^dt{D.2) 

Jo Jot Jo t 

where Tr Ajf* = is the asymptotic expansion of the trace of the heat 

kernel for small time. The second integral on the right is holomorphic at s = 0. The first 
integral can be evaluated explicitly to be A_i(s — 1)“^ -|- for Res > 1, and hence it is 

given by this same formula by analytic continuation. Altogether, we hnd 

Indet'A = A_i-Ao(-f^)'(0)- /'^(Tre-*^-^-(Ao + iV)) 

sF(s) Jo t t 

roo rli 

- — (Tre-*^-A). (D.3) 

Ji t 

We compare this value with the result of small time cut-off regularization and renormaliza¬ 
tion, det*A, which is dehned by 

COO rjf 

IndeFA = -P.V. / —(Tre-*^ - A), (D.4) 

J e t 

where P.V. indicates taking the hnite part in the expansion in e for small e. Once again, the 
integral over 1 < t < oo converges, and we need only consider the integral over e < t < 1. 
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Carrying out the rearrangement as in (D.2), but with lower limit e and s = 0, we hnd 


(Tre-*^-iV) = -^ + (Ao + iV) In e 
Je t e 


A-i 


+A_i— [ —(Tre - - -(Aq + iV)), (D.5) 

Jot t 


and hence 


In det'A = In det*A — An 


^sr{s) 


( 0 ) 


(D.6) 


Thus the two regularization schemes differ by an additive factor proportional to Aq = C(0). 
However, when A is the Laplacian on a held of U(l) weight n, dimensional considerations 
show readily that the term of the heat kernel must be proportional to the curvature of S. 
The coefficient Aq is the integral of this term, and is proportional to the Euler characteristic 
x(S) = 2 — 2h. This establishes the desired form for the difference between regularization 
and renormalization schemes. 


D.2 Failure of ultra-locality 


The appearance of the factor jg also related to the failure of ultra-locality. Ultra¬ 

locality states that [46, 42], 




(D.7) 


where A is a real positive constant, /i(A) is a function of A, ||a;^||g is the L^-norm for the 
worldsheet metric g and Vx'^ the associated functional measure. Explicit calculation of the 
above functional integral, however, shows that a term proportional to the Euler number also 
arises, in full accord with standard renormalization theory, so that ultra-locality does not 
hold when h ^ 1. This was already pointed out by Weisberger [42]. 


To see this explicitly, we calculate the integral in two different ways, first by bringing out 
the Laplacian Ag, and then by bringing out the operator \Ag. Their equality gives 

" ' J dx^ J (D.8) 


J dx^ J = 




Using now specihcally zeta regularization for the determinants, we have 

(det'AAJ-‘='/2 = A-^^^®''/2(det'Ag)-‘='/2, 

and hence 

J = \AAg{o)d/2 J 

Since the expression CAg(O) is proportional to the Euler number, our claim follows. 


(D.9) 

(D.IO) 
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